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Wavelike Eddies in a Turbulent Jet

Y.Y.Chan*
National Research Council of Canada, Ottawa, Canada

Experimental and theoretical studies of the wavelike disturbances in an axisymmetric turbulent jet are
presented. It is demonstrated that the jet can support a helical wave train with azimuthal mode equal to or
greater than unity in addition to the plane wave mode. The disturbance wave grows rapidly along the jet to a
maximum and then decays gradually further downstream for three modes considered, w=0, 1, and 2. The
disturbance waves of all modes are well modeled by a wave theory with the local properties of the wave described
by a linear stability solution of a divergent shear flow. The nonlinear development of the wave along the jet is
calculated by an energy integral method. The predicted results are in good agreement with the experimental data.

Nomenclature
b = parameter, shear layer thickness
c = complex number, c = /3/a, Eq. (13)
k = turbulent kinetic energy, total wave number
L = dissipation length
m = azimuthal wave number
p - pressure
q = wave kinetic energy
Q = wave amplitude
R = radius of jet nozzle exit
t =time
u, v, w = velocity components in xy r, </> directions, respectively
xtr,Q - cylindrical coordinates
y - radial coordinate
oir = wave number
— a/ = amplification rate
0 = circular frequency
6 = shear layer thickness
e = turbulent dissipation
J",rj = transformed coordinates for x, r, respectively, Eq.

(8)
e, = kinematic eddy viscosity
ak =Prandtl number for the turbulent kinetic energy

equation, Eq. (7)
$ = wave energy dissipation, Eq. (3)
X = complex function, Eq. (15)
Superscripts

= time mean values
= wave fluctuation
= turbulent fluctuation

A veraging Process

= time averaged

I. Introduction

THE coherent structure of the turbulence in a free jet has
attracted considerable interest in recent years becasue of

its functions in the generation of noise from the jet. The
orderly structure in a turbulent jet was first recognized by
Moll</>-Christensen in an experimental study of the near
pressure field of the jet. By measuring the space-time
correlation of the pressure fluctuation, he found that the
disturbance (or eddy) was convected downstream for a
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considerable distance and decayed slowly.! A more detailed
study of the large-scale eddy motion was given by Crow and
Champagne.2 In their experiment, a disturbance with certain
frequency was introduced into the jet and the development of
the disturbance along the jet was then followed by measuring
the velocity fluctuation. A wave system was found in the jet
and the wavelength depended on the forcing frequency and
the jet velocity. The amplitude of the wave reached a
maximum and then decayed gradually downstream in ac-
cordance with Moll</>-Christensen's observations.

In an experiment, extending Crow and Champagne's
measurements, Chan measured the pressure fluctuations
inside a jet with external forcing.3 With a phase-averaging
technique and processing the narrow-band filtered signals, he
demonstrated clearly the wavelike behaviors of the large-scale
eddies. More recently, Lau and Fisher showed the existence of
the orderly structure in a jet without forcing, using a novel
experimental technique.4 By locking onto the spikes that
appeared rather regularly in the hot-wire signal and taking the
phase average, the resulting signal became sinusoidal in
shape. This indicated that the large-scale eddies have a
wavelike coherent structure. -For an axisymmetric jet, the
structure of the large-scale eddies can be quite complicated as
shown by Fuchs.5 By taking the space-correlation cir-
cumferentially around the jet, he decomposed the power
spectra of the fluctuating pressure into Fourier components of
azimuthal wave numbers and showed that the first four
components dominated. This suggests that the eddies are not
only translating as a plane wave along the jet but also
spiralling around the jet at the same time. This multimode
characteristic in the jet was also observed by Browand and
Laufer.30

In addition to these representative works, an excellent
review of the advance of the subject up to 1974 is given by
Davies and Yule.6 An extensive bibliography is included with
the review.

Parallel to the studies of the orderly structure of the tur-
bulent jet the evaluation of the function of the large-scale
eddies in the generation of noise from the turbulent jet also
absorbed a large amount of research effort. It was pointed out
by Moll0-Christensen that a coherent structure would radiate
acoustic energy more effectively than a random structure.'
This concept has found its way in a.number of jet noise
theories formulated in later years. In Lilley's theory, the wave
of the shear layer was taken as the solution of the inner source
region.7 In Michalke's expansion theory, the multicom-
ponents of the wave structure were incorporated explicitly in
the source function.5 '8 For a supersonic jet both the near- and
the far-field of the acoustic radiation were shown by Liu l )J()

and Tarn,11'12 respectively, to be related to the large-scale
eddy motions. These theories in high-speed jets were sub-
stantiated by experimental measurements of McLaughlin et
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al.13'14 In a less direct manner, relating to the wavelike motion
of the large eddies, Laufer et al. proposed that the rate at
which these eddies interacted with each other was the primary
mechanism of the noise generation in a subsonic jet. l s

The large-scale eddies in the turbulent jet as observed in the
experiments show that their behaviors are very much like a
wave train propagating in a shear flow. It is natural to extend
LandahPs wave guide theory, formulated to explain the
orderly structure in a turbulent boundary layer, to the tur-
bulent free shear flows.16 LandahPs model has been applied
by Hussain and Reynolds to turbulent channel flows with
some success.17 For a turbulent jet, this model has been used
by Liu9'10 for the calculation of the near acoustic field of a
two-dimensional jet and by Tarn12 for the acoustic far-field of
an axisymmetric jet. More detailed analyses for axisymmetric
low-speed jets were given by Morris18 and Chan19'20 with
emphasis on the turbulent modeling. The calculated
development of the large-scale eddies by the wave theory was
shown by Chan to be in good agreement with experimental
data.20

In the present paper we present some new experimental
results on the orderly structure of the turbulent jet. In ad-
dition to the axisymmetric wave system, we show that a
helical wave system with the azimuthal wave number equal to
or greater than unity can also exist. The development of these
waves of higher modes are shown to be well modeled by the
wave theory. This paper deals first with the direct
measurements of the helical wave in the turbulent shear layer
of the jet. Following that, it is shown how the disturbance
waves can be modeled by the stability wave theory, and its
nonlinear development along the jet is calculated. The
calculated results and the experimental data are then com-
pared and discussed in some detail.

II. Measurement of Helical Wave
Development in the Jet

A. Experimental Apparatus and Method
The air jet used in the experiment was generated by the low-

speed jet facility of the NAE High Speed Aerodynamics
Laboratory. The Facility was carefully designed to provide a
jet with low turbulence and low internal noise. The details of
the facility are given in Ref. 21. For the present experiment,
the internal diameter of the nozzle exit was 5.7 cm. The jet
was running with an exit velocity of 76 m/sec nominal and the
corresponding Reynolds number of 26xl0 4 based on the
nozzle diameter.

A schematic drawing of the equipment set-up for the ex-
periment is shown in Fig. 1. Six acoustic drivers were mounted
circumferentially around the jet with 60-deg spacing at the
nozzle exit to provide periodic forcing at the jet boundary.
Each driver unit consisted of a 40-W loudspeaker driver and a
converging duct with one end connected to the driver and the

other opened to an exit slit 1.3 x 9 mm. The phase and am-
plitude of each driver could be adjusted independently. In this
experiment, all drivers were tuned to the same frequency with
a beat frequency oscillatory, but with a phase advance be-
tween each unit of 60 deg in sequence, thus generating an
azimuthal mode of m = l. Higher modes could be similarly
obtained with corresponding phase advances. The forcing
amplitude of the drivers was set to 124 dB re. 0.0002
dynes/cm2 at the exit of the duct with the jet running. The
development of the disturbance along the jet was recorded by
monitoring the static pressure fluctuation with two Bruel and
Kjaer 3.2-mm-diam microphones with bullet head fairings.
The pressure signals from the traversing microphones were
fed into the narrow-band filters slaved to the forcing
frequency. At each position of the traversing probes, the
filtered signals were then used to drive the vertical
displacement of an oscilloscope. The periodic signal from the
oscillator was converted by a stroboscope unit into timing
spikes to trigger the oscilloscope intensity modulation at the
required phase. Thus, the presence signal oscillating about
vertically would be lit up as a bright spot only at the time
triggered by the stroboscope. The probes were then moved to
another position, and the process was repeated until a con-
tinuous trace was obtained and recorded by a memory scope
or an open-shutter camera. This intensified trace now
displayed the spatial variation of the pressure signal at a fixed
phase (or time as defined in Fig. 1). The rms value of this
signal was recorded in parallel on a level recorder. Traverses
were made with two microphones mounted one nozzle
diameter apart symmetrically about the center-line of the jet.
This technique of experiment is similar to that described in
Ref. 3 for the measurement of plane waves development in a
jet.

B. Experimental Results and Discussion
With this experimental set-up it was quite easy to establish

that the jet did support helical wave systems. Some typical
results of the pressure signature displayed spatially are shown
in Fig. 2. For the first case, the drivers were set to generate a
mode of m = 1, the pressure waves recorded by the traversing
microphones shown in the picture are exactly 180 deg out of
phase. For the second case, the drivers were set to generate the
m = 2 mode and the pressure waves are now in phase. In both
cases, the waves amplify rapidly and then decay farther
downstream, with characteristics similar to those of the plane
waves.3 The present experimental results verify the
theoretical analysis of Batchelor and Gill that for an
axisymmetric jet with a "top-hat" velocity profile, such as the
one near the nozzle exit, all disturbances of m>0 will be
amplified.22

The wavelength of the helical wave in the direction of the jet
x can be measured directly from the oscilloscope traces.

Fig. 1 Schematic diagram of in-
strumentation for the experiment.
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Fig. 2 Spatial pressure waves along the jet for modes m — \ and 2.

Because of the thicknening of the shear layer along the jet,
the wavelength increases gradually in the downstream
direction. The distance between the second and the fourth
zero crossings of the wave form is considered as the average
value of the wavelength. The total wave number along the
direction of the wave helix is calculated from the wave
number in the x direction a

kR={m2+(aR)2}' (1)

where m is the azimuthal wave number and R the radius of the
nozzle. The total wave number k as a function of Strouhal
number fDl U based on the forcing frequency /, the nozzle
diameter D, and the jet exit velocity (7, is shown in Fig. 3a for
both the m = 1 and m = 2 modes. Results for the m = 0 mode,
taken from Ref. 3, are also plotted for comparison. For the
same Strouhal number, the wave number increases as the
mode increases. The phase velocities of the wave in the
direction of the helix are shown in Fig. 3b. Results of the m
= 0 mode are also shown for comparison. Opposite to the
trend of the m = 0 mode the phase velocities of the modes m
= 1 and m = 2 decrease markedly at low Strouhal numbers.

It is shown in Fig. 2 that the helical disturbance waves
amplify and then decay in a manner similar to the plane wave
case. The spreading of the disturbances is also similar to that
of the plane wave. For high Strouhal numbers the distur-
bances are confined within the part of the shear layer near the
nozzle, whereas for low Strouhal numbers they extend far into
the fully developed turbulent region downstream. The
measured rms values of the wave disturbances along the jet
for a range of Strouhal numbers are shown in Fig. 4 for the m
= 1 and m = 2 modes. Note that the abscissa is in a normalized
distance (X/D) St and the ordinate is in a dB unit. All cases
show that the waves amplify exponentially in the initial stage,
reach a maximum, and then decay gradually farther down-
stream. For the m = 1 mode, except the cases with Strouhal
numbers lower than 0.25, some similarities can be observed
for the growth and decay of the amplitude profiles. With
some scattering, they all reach the same maximum amplitude
at about the same normalized distance. For the m = 2 mode,
however, the regularity of the contours is less pronounced.
The peak values of the contours increase steadily with the
Strouhal number and approach a plateau at St = 61. The peaks
of the pressure amplitude for the m = 2 modes are always
lower than those of the m = 1 mode.

The variations of the pressure amplitude across the shear
layers of the jet are shown in Fig. 5. The radial traverse was'
taken at a station where the longitudinal amplitude reached its
maximum value. At the centerline of the jet where the radial
traverse starts, the amplitude of the pressure wave is very low.
The amplitude increases rapidly to a maximum near the center
of the shear layer and then decays exponentially as the radial
distance increases. For the m = 1 mode, except in two cases of
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Fig. 3 a) Wave number vs Strouhal number for modes m - 0,1, and 2
b) Phase velocity vs Strouhal number for modes m = 0,1, and 2.

low Strouhal number, the contours show striking similarity in
shape. For the m = 2 mode, the results are more scattered and
less regular. The peak values of the contour again increase
with the Strouhal number and flattens off at higher Strouhal
numbers. It is interesting to note that for both modes the
disturbance does vanish at the center of the jet, as required by
the physical consideration of a helical wave.

The direct measurements of the development of the helical
disturbance waves in the jet presented here show that the
large-scale wavelike eddies in a turbulent jet can have modes
higher than w = 0, i.e., a plane wave. These results are
consistent with Fuchs' experiment, which showed that the
turbulence in the jet can be resolved into azimuthal Fourier
components and that the first four components dominate.?

III. Calculation of Helical Wave
Development in a Jet

It has been shown by several authors that the large-scale
wavelike eddies in the turbulent jet can be well modeled by the
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wave-guide theory of Landahl.9'10'12'18'19 These theoretical
analyses follow closely the nonlinear theory of hydrodynamic
stability developed for laminar shear flows. For a highly
nonlinear process, an exact analysis is difficult; however, the
development of the wave and its interaction with the mean
and the turbulent flow can be examined globally by con-
sidering the energy transfer in the shear layer. The energy
method for the nonlinear stability analysis was first for-
mulated by Stuart.23 The method was advanced by Ko et al.
in an analysis of the nonlinear stability of a laminar wake.24

Its application to the analysis of stability waves in a turbulent
wake was demonstrated by Liu.25 In a detailed analysis of a
plane wave propagating in an axisymmetric turbulent jet, the
method was applied by Chan to calculate the growth and
decay of the wave. His theoretical results agreed well with
experimental data.20

A. Formulation
The fundamental equations governing the problem can be

derived from the Navier-Stokes equations and the continuity
equation. For the present application to an axisymmetric jet,
a cylindrical polar coordinate system is used. The physical
variables are normalized by R (radius of the jet nozzle) and
the velocity U (exit velocity of the jet). In deriving the
equations, both the turbulent fluctuation and the wave
disturbance are considered to be small compared with the
mean flow quantities. Thus the velocity components and the
pressure can be split into three components, namely, the
steady mean flow, the disturbance wave fluctuation, and the
turbulent fluctuations as follows.

u = u + u + u'

P=P+P+P' (2)

The mean flow equations are derived by first taking the phase
average and then the time average of the Navier-Stokes
equation. The wave-component equations are then obtained
by subtracting the phase-averaged equations from the time-
averaged mean flow equations. The kinetic energy equations
are derived by multiplying the Navier-Stokes equations by the
corresponding velocity components and then taking averages.
Boundary-layer approximation is applied throughout the
derivation and for turbulent flow, the effect of molecular
viscosity is neglected. The flow is considered to be in-
compressible. The details of the derivation of the equations
are given in Ref. 20.

The resulting equations for the present analysis by the
energy method are the kinetic energy equations of the mean
flow, the turbulent fluctuation, and the wave disturbance

da2/ 2 da2/ 2
a

dx dr dr
du
(fr

r dr

dk
~dT

dk
-T-dx

dk
-T-dr

du
~dr

dq
,
dt

d ,
dr1

d_
~dr

— d u I d / d q \
-uv)—— + — —(ref—— )-dr r dr \ dr /

(3)

where k is the turbulent kinetic energy and q the wave kinetic
energy. The cascading process of energy transfer in a tur-
bulent shear flow can now be seen from these equations. The
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Fig. 4 Pressure amplitude distributions along the jet, a) m = l;

kinetic energy of the mean flow is extracted by the growth of
the wave and the production of turbulence as represented by
the first two terms at the right-hand side of the mean flow
energy equation. These two terms then appear as energy
sources in the turbulence and the wave energy equations. The
energy in the wave is then transferred further to the tur-
bulence, with the dissipation function </> being negative in the
wave equation and positive in the turbulence equation. The
last step causes the decay of the wave and an increment of the
turbulent energy.

In the energy method of analysis, these equations are solved
by an integral method. The correlation functions required for
the integral formulation, those of the mean and the turbulent
flows of the jet, are calculated numerically by a finite dif-
ference method. Those of the wave fluctuations are obtained
from a linear stability theory of a divergent shear flow. The
solutions of the mean and the turbulent flows and the
solutions of the stability wave required for the evaluation of
the correlation functions are now calculated in the following
two sections.

B. Mean Flow Calculation
The governing equations for the mean flow of the jet are the

continuity and the x momentum equations. As a first ap-
proximation, the contributions from the wave disturbance is
neglected.

da 1 dry _
dx r dr ~~

dii du 1 dr(-u'v')u—— + v— - — ——————
dx dr r dr

For an axisymmetric jet, the boundary conditions are as

dk/dr=0 at r=0
u^O as r—oo

(4)

(5)
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Fig. 5 Radial pressure amplitude distributions across the jet,
= l;b)w = 2.

Turbulent kinetic energy distributions inside the jet are
required to evaluate the correlation functions for the integral
formulation. The turbulent kinetic energy equation,
therefore, should be solved simultaneously with the mean
flow equations. This equation is written, excluding the wave
energy source term, as

_a^
"aT

_aA
~a7

; a
7 a;1

a«
^"e®

with the boundary conditions

dk
dr

= 0 at r=0

as

Methods for computing free turbulent shear flows are well
developed.26 For the present case, the Prandtl's energy model
is adopted.27 In this model, an eddy viscosity is assumed for
the closure of the Reynolds stress, and the turbulent velocity-
pressure correlation is taken as a gradient diffusion. This
model is written as follows:

— uv =e,

dk
'~dr~ €~ (

du_

k3/2

'2~L
(7)

where c7 and c2 are empirical constants and ak the Prandtl
number for the energy equation. Both the length scale £ and
the dissipation length L are taken to be the thickness 6 of the
shear layer. The empirical input for the calculation are as
follows:

c, = 0.05 c2 = 1.50 ok = 0.70 f=L = 6

A modified von Mises transformation is then applied to the
equations. With this transformation the spreading of the jet in
the lateral direction is much smaller than that in the physical
coordinate and is thus easier to handle in the numerical
calculation. The transformation28

f= i? =

satisfies the continuity equation automatically

, .2,—— =ur dr,
-~
dx

(8)

(9)

The momentum and the turbulent kinetic energy equations
become:

du

af TJ drj V cr^r; 5ry

with the boundary conditions

aw aA:

tu dk ^ t/r2 a«
—— —— ) +e( —Y ~— — <
•/-T) an / T? on

4k3/2

(10)

ar,
w-ft

ar,
/:-0 as

= 0 at

(11)

These equations with the boundary conditions are solved
numerically by an implicit finite-difference method. Because
of the nonlinear coupling of these two equations, an iterative
scheme is used for the solutions. The momentum equation is
first integrated with an assumed distribution of turbulent
kinetic energy and the resulting velocity distribution is
used for the solution of the turbulent kinetic energy
equation. The new kinetic energy profile replaces the assumed
one and the process continues until the solution converges to
satisfy a preset criterion.

The nonlinear momentum equation is first linearized in a
form suitable for an iterative calculation. The equation is then
written into a finite-difference form resulting in a system of
linear algebraic equations that can be solved by an elimination
method. The energy equation is weakly nonlinear and can be
solved in a similar manner. The details of the numerical
analysis are given in Ref. 20.

With the mean flow development of the jet calculated, the
resulting mean velocity and kinetic energy profiles are used to
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evaluate the correlation functions of the mean and the tur-
bulent flow energy balances for the integral formulation of
the nonlinear wave process. The mean velocity profile is also
used for the calculation of the wave functions presented in the
next section.

C. Stability Wave Calculations
The correlation functions of the wave disturbance are

calculated from the linear stability solutions of the local shear
flow. This may be the closest approximation that can be
assumed without additional information from further ex-
periments or exact nonlinear solutions. The inviscid forms of
the linear stability equations are used in the present
calculations with the boundary-layer approximation applied
to the mean flow velocity components. This is a reasonable
approximation for high turbulent Reynolds number flows.
The continuity and the momentum equations for the wave
disturbances are as follows:

du 1 drv 1 dw
____ I __ ____ I __ __ __ Q

r dr r 3ddx
du_
dt
dv

du
~dx
dv

du
~dr~

"~dr

dx

dw dw 1 dp
____ 1 jy ____ ........ __ ____ ___L__

dt dx r d6
(12)

For a turbulent free jet, the shear layer is not parallel to but
diverges rapidly away from the jet axis. To take into account
the divergency of the shear layer, a transformation of the
radial coordinate r is introduced

y=(r-l)/b(x)

where b(x) is a function of x and can be set equal to the
thickness of the shear layer 6. For a single Fourier component
of the wave disturbance, a wave form solution is sought

(13)

where ct(x) is a complex function of x, the real part being the
wave number and the negative imaginary part the am-
plification rate. /5 is the circular frequency and m the
azimuthal wave number. Substituting Eq. (13) into the
governing equations a system of equations depending only on
the radial coordinate^ is obtained

dui(Au-B)u+v—— = -iAp

i(Au-B)v=-

i(Au-B)w = -

dp_
dy

iMp

1 drv iMw— —— +r dy =0 (14)

where A — oib, B=(3b, and M—mb. The mean flow solutions
show that db/dx is an order of magnitude less than unity, thus
in deriving Eq. (14) the terms containing db/dx are neglected.
For a divergent flow, the quantities u, etc., should be func-
tions of x and r. The present form is equivalent to taking the
first-order term only from a series expansion of u in the

ascending power of the parameter db/dx. This system of
equations resembles closely that of the parallel flow, except
that the wave numbers and the frequency are now multiples of
the shear-layer thickness b(x). The system of equations can
be further simplified to the following form

dy

where

A2+(M2/r2)
A*

du
dy

I ]_ dr
J r dy (15)

X=-iA(p/v) and c = B/A

The mean velocity gradients vanish at the edge of the shear
layer. Thus the asymptotic solutions provide the required
boundary conditions:

i = —A(u — c) , ( A r j / b )

\(y00)=Ac Km
f(Ar03/b)

y—»oo (16)

where Im and Km are modified Bessel functions. Equation
(15) with boundary conditions (16) forms an eigenvalue
problem. The local wave number A is the eigenvalue to be
calculated for a given frequency B at each station along the jet
with a specified mean-velocity distribution. To solve this
eigenvalue problem, an iterative scheme is used.20 By
assuming an eigenvalue A, the boundary values can be
calculated from Eq. (16), and Eq. (15) is then integrated
numerically from both sides of the shear layer toward the
center. It is required that, at the point where these integrations
meet, the values of x approaching from both sides should be
the same. With the eigenvalue known, the eigenfunctions can
be calculated from Eq. (14).

For the present calculation, with the comparison with the
experimental data in mind, the frequency (3 is chosen to be 1.5
(S/ = 0.477). The eigenvalue and the eigenfunctions are
calculated at a number of stations along the jet axis. The
mean velocity gradients at these stations are taken from the
solutions of the mean flow obtained in the last section. The
local values of the eigenvalues, the wave number ar and the
amplification rate —a,, are plotted against the parameter <5 (or
b) in Fig. 6. The local values of phase velocity are also shown
in the figure. Three azimuthal modes are calculated. In
general, the wave number increases steeply with <5, reaching a
maximum and then decreases gradually. The amplification
rate decreases monotonically except near the very first portion
of the jet. As the order of the mode increases, the wave
number increases and the corresponding phase velocity
decreases. The amplification rate decreases more rapidly for
the higher modes and the extent of the jet at which the am-
plification rate is positive diminishes. The small difference
between the wave numbers of the plane wave (m - 0) and that
of the two helical modes is consistent with the experimental
data presented in Fig. 3.

D. Energy Integral Method for Nonlinear Wave Process
The nonlinear development of a wave disturbance in the

shear layer of a jet is now analyzed by the consideration of the
kinetic energy balances in the mean flow, the turbulent
fluctuation, and the wave fluctuation. With the mean-flow
continuity equation the mean-velocity component v can be
eliminated from the governing equations (3), which are then
integrated across the shear layer. By applying the proper
boundary conditions at the edges of the shear layer and noting
that the diffusion terms in these equations represent only a
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Fig. 6 Local wave numbers, amplification rates and phase velocities
as functions of 5 for modes m = 0,1, and 2.

redistribution of energy in the shear layer and thus drop out in
the integration, the integral energy equations are

— —2 dx Jo
rh _____ du rh _ ftu

u3rdr= \ (-u'vr) —rdr- (-uv)-rdr
j o i dr Jo dr

I f*
dxJ
d

h fh —— du (H fh

kurdr= \ ( — u'v') — rdr— \ erdr+ \ cfrrdro j o or Jo j o

d th (h — du fh

— I. qurdr= \ ( — uv) — rdr— \ <t>rdrdx Jo Jo dr Jo
(17)

Three parameters are chosen as unknowns; the shear-layer
thickness 6 for the mean flow, the averaged turbulent kinetic
energy integral ka for the turbulent flow, and the wave am-
plitude Q for the wave disturbance. The wave disturbance is
assumed to be of the form

(18)

where Q(x) is the amplitude of the wave. The lateral
distribution of the wave functions are assumed to be identical
to the linear stability solutions of the local divergent shear
layer calculated in Sec. IIIC. The local wave number aR is
also taken from the linear solutions. The form of Eq. (18) also
implies that the higher harmonics are neglected.

The averaged turbulent kinetic energy intergral is defined as

— —— j
rj — rj Jo

k(r)rdr (19)

with the kinetic energy distribution across the shear layer
written as

k(r)=kaG(r) (20)

The model of the turbulence for the present formulation is
the same as the one used in the mean-flow calculation and

0.2-

Fig. 7 Correlation functions for the mean flow and the turbulent
kinetic energy equations.

given in Eq. (17). With this model, the correlation functions
involving only the mean and turbulent flows can be evaluated
without difficulty. From the mean-flow solutions of the jet
the following integrals

// = u3rdr
j o

= — I Gurdr

•• — G3'2rdr
) 0 (21)

are calculated and plotted in Fig. 7 against the parameter 6.
The averaged turbulent kinetic energy integral defined in Eq.
(19) is also shown. It is noted that the integral ka varies only
slightly over the range of 6 consider. Thus the correlation
itegrals can be considered as function of 6 only.

Three correlation integrals involve wave functions

i2=\\-Tv}^-
J o dy

I4 = qurdy
d 0

Is = ( <t>rdy
J 0

(22)

The first two integrals can be evaluated from the stability
wave solutions as follows:

K ^ f ^
-— \o

r) 77
——

= Q2F4(d) (23)

where the subscripts r and / denote the real and the imaginary
parts, respectively. The normalizing factor R2- in the integrals
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is due to the fact that the linear stability solutions are
determined up to an arbitrary coefficient of a constant value.
In the calculations in Sec. IIIC, this constant is taken to be
unity. In the nonlinear analysis, this coefficient is included in
the amplitude Q(x). To determine the value of the factor R2

we set the kinetic energy integral of the wave function equal to
\Q\2.

(24)

where

Thus

= 4/I8 (25)

The integral I5 is an integration of the dissipation function
<£, which expresses the energy transfer from the wave
disturbance to the small-scale turbulence and the diffusion
due to wave-turbulence interaction. The full expression of this
function </> is given in Ref. 20. The function consists of terms
with phase-averaged second correlations of turbulent fluc-
tuating quantities. Similar to the closure requirement for the
time-averaged turbulent quantities, a closure relation has to
be assumed for these phase-averaged ** Reynolds stresses*' in
order to complete the formulation. In Ref. 20, following
Russian and Reynolds, these stresses are assumed to be
related to the rate of strain of the wave fluctuation, with the
local eddy viscosity as the proportional constant. 17 The eddy
viscosity is assumed to be identical to that used in the mean
flow calculation. Based on this assumption, the dissipation
function can be reduced to the following form 20

i da (26)

With the dissipation function </> in the form of Eq. (26) the
integral I5 can be evaluated, and the formulation is then
complete. The calculation of a plane wave development with
this closure assumption shows excellent agreement with the
experimental data.20 An extension of the calculations to
higher azimuthal modes, i.e., m = 1 and m = 2, however, is not
as successful.29 The dissipation integrals for these cases in-
crease at a tremendous rate along the jet, causing a rapid
decay of the wave disturbance. The experimental
measurements presented in Sec. II, however, do not indicate
this rapid rate of decay. The discrepancy is attributed to the
fact that, for the higher azimuthal modes, the calculated
azimuthal derivatives which are directly proportional to m are
unduly large.

Since the waVe-energy dissipation is mainly due to the
turbulence-wave interaction, the expression given in Eq. (26),
although it may not represent the physical process correctly,
shows properly the dimensions of the quantities involved. The
contribution for the dissipation by the turbulence is through
the eddy viscosity, which is defined by the rms value of the
turbulence velocity fluctuation and a turbulence length scale.
The contribution from the wave is proportional directly to the
wave kinetic energy and inversely to the square of a length
scale. Following the dissipation model used in the turbulence
calculation (7), the dissipation function <£ is now given the
following form

(27)

where the length scale is set equal to the thickness of the shear
layer and c3 is a proportional constant. By comparing results
calculated with this model for a plane wave and those
calculated with Eq. (26), the constant c3 is determined to a
value of 3.67. This constant, like the other constants c/ and
c2, should be considered as universal for all other modes.

With the function <f> in the form Eq. (27), the integral I5 can
be evaluated as

(28)

The integrals F2, F4, F5 are calculated from the linear wave
solutions and the results are shown in Fig. 8 as function of d
for three modes. The figure shows that the energy production
integral F2 increases rapidly and after reaching a maximum,
decreases to zero. As the mode increases, the integral
decreases and drops off to zero more quickly. The dissipation
integral F5 varies only slightly over the range considered and
the values increase only a small amount as the mode increases.

With the correlation integral evaluated, the energy integral
equations (17) can be solved for the parameters b, ka,
and Q. These equations are integrated from an initial station
with specified initial conditions. For the present calculations
the integration starts at x = 0.2 with the initial conditions as

6 = 0.1490 k =0.0257

obtained from the mean flow calculations without wave
disturbance. In addition, the initial value of the wave kinetic
energy integral K0 is specified and this quantity is related to
the strength of the initial wave disturbance.
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Fig. 8 Correlation functions for the wave kinetic energy equation of
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Fig. 9 Calculated growth of the pressure wave amplitudes in
comparison with experimental data for modes m = 0,1, and 2.
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Fig. 10 Calculated radial distribution of the pressure wave am-
plitudes in comparison with experimental data for modes m = 0, 1,
and 2.

IV. Results and Discussions
With the method described above the energy transfer in the

jet can be calculated in detail. For the initial portion of the jet
the production of the wave kinetic energy is much greater than
the dissipation. The corresponding pattern for the wave
kinetic energy is a rapid increase to a maximum, where
production and dissipation are of equal magnitude, followed
by a gradual decay.

The wave energy dissipated by the turbulence appears as an
energy source to the turbulence itself. For a large wave
disturbance, the energy transfer from the wave to the tur-
bulence is of the same order of magnitude as that of the
background turbulence. The sharp increment of turbulent
energy results in the enhancement of mixing and spreading of
the jet.

The growth of the pressure wave in the center of the shear
layer, r= 1, for all three modes is shown in Fig. 9. The ex-
perimental data for m=\ and 2 modes are taken from Sec. II
and for m = Q mode from the plane wave experiments.3 The
magnitude of the initial disturbance used in the calculations
was set equal to the strength of the forcing induced into the jet
in the experimental program. The scale of the pressure ratio is
in dB units for convenient comparison with experimental

data. For all three modes, the calculated results agree very
well with the experimental data over the range considered.
Comparisons of the radial pressure distribution data and the
calculated results are shown in Fig. 10. The calculated results
are again in good agreement with the experimental data for all
three modes. The experimental data extend from the potential
core to the near-field of the jet, whereas the theoretical results
cover only the width of the shear layer.

Both theory and experiment show that the initial am-
plification of the wave for all three modes is very much the
same. However, the maximum of the pressure amplitude
decreases as the mode increases due to the lowering of energy
production for the higher modes (see Fig. 8). The extent of the
wave propagation along the jet is also reduced for the higher
modes. The present results are consistent with the ex-
perimental observations by Fuchs, that for the turbulence in
an axisymrnetric jet the first four azimuthal Fourier com-
ponents dominate and their magnitudes decrease in sequence
as the order increases.5

In conclusion, we have shown both experimentally and
theoretically that an axisymmetric turbulent jet can support in
addition to the plane wave mode, a helical wave train with the
azimuthal mode equal to or greater than unity. The distur-
bance wave grows rapidly along the jet to a maximum and
then decays gradually farther downstream. The amplitude of
the wave decreases as the mode increases and the extent of the
wave propagation along the jet is also reduced for the higher
modes. The wave numbers in the direction of the jet, however,
differ only slightly for all three modes considered. These
disturbances of all modes are well modeled by a wave theory
in which the local properties of the wave propagation is
described by a linear stability solution of a divergent shear
flow. The development of the waves along the jet can be
calculated by an energy integral method, which is based on the
global consideration of the energy transfer taking place in the
shear layer between the mean flow, the turbulence, and the
wave disturbance.
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